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Asymptotic boundary condition (ABC) of laser-atom interaction presented recently
is applied to transform the initial value problem of the time-dependent Schrödinger
equation (TDSE) in infinite space into the initial and boundary value problem in the
finite space, and then the TDSE is discretized into linear canonical equations by substi-
tuting the symmetry difference quotient for the 2-order partial derivative. The canoni-
cal equation is solved by symplectic algorithm. The ground state and the equal weight
coherent superposition of the ground state and the first excited state have been taken
as the initial conditions, respectively, while we calculate the population of bound states,
the evolution of average distance and the high-order harmonic generation (HHG). The
conversion efficiency of HHG can be enhanced by initial coherent superposition state
and moderate laser intensities.

KEY WORDS: asymptotic boundary condition, symplectic algorithm, high-order har-
monic generation, superposition state

1. Introduction

When an atom is exposed to an intense laser field, it emits high-order har-
monics via nonlinear interaction of the electrons with the intense radiation field
and the ion core. High order harmonic generation (HHG) has been widely stud-
ied in strong field physics, and is well explained by the three-step model [1]. The
maximum harmonic order of cut-off is Nm = (Ip + 3.17Up)/ω [2], where Ip
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is the ionization potential, Up is the ponderomotive energy of the free electron
in the electromagnetic field, ω is the frequency of the laser field. As the use-
ful of the HHG the effort of enhancing conversion efficiency and expanding the
plateau hasn’t been stopped. It is well known that the traditional perturbation
theory is invalid to describe the laser-atom interaction in the intense laser field
when the intensity of the laser field is greater than 1013 W/cm2. So people look
for non-perturbation method, in which the numerical method is used, to solve
the time-dependent Schrödinger equation (TDSE) [3–7]. But the problem of the
boundary where has been truncated in the numerical calculation has to be con-
sidered since the numerical calculation can not to infinite space. Owing to the
complexity of an atom in the laser field, the artificial boundary conditions, e.g.
an absorber [8] or a mask function [9], are often applied to compute the TDSE
so as to eliminate the reflection of the wave-function on the boundaries.

In this paper the asymptotic boundary condition (ABC) of laser-atom inter-
action presented recently [10–11] is reviewed; the reasonable of ABC is illustrated;
the TDSE is solved by using symplectic algorithm which is a difference method
that preserves the symplectic structure and a better method on the long-time
many-step calculation; and population of bound states, the evolution of average
distance and HHG are evaluated. We also show that the conversion efficiency of
HHG can be enhanced by taking the equal weight coherent superposition of the
ground state and the first excited state as initial condition with the moderate laser
intensities. Finally we give the explanation by using the three-step theory.

2. Asymptotic boundary condition

It is shown that one-dimensional model is a good approximation in consid-
ering the interaction of intense linearly polarized laser with atom [12]. Under the
length gauges and electric-dipole approximation the one-dimensional TESD of
model atom in the intense laser field can be written as follows (the atomic units
are used in this paper)

i
∂

∂t
�(x, t) =

[
−1

2
∂2

∂x2
+ V0(x) + ε(t)x

]
�(x, t), (t � 0, −∞ < x < ∞) (1)

�(x, 0) = �(x) (−∞ < x < ∞) (2)∫ ∞

−∞
|�(x, t)|2dx = 1 (t �0, −∞<x <∞), (3)

where V0(x) is the atomic potential and ε(t) is the electric field of the laser pulse,
�(x) is the initial wave function. We consider the short-rang model Pöschl–Teller
potential which is given by

V0(x) = − U0

cosh2
(αx)

.
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If we choose α=0.4 and U0=0.7, there are three bound states for this short-rang
potential, and corresponding eigenfunctions are

ϕ0(x) = 4√
15π

(cosh(α0x))−2.5,

ϕ1(x) = 4√
5π

(cosh(α0x))−1.5 tanh(α0x),

ϕ2(x) =
√

6
5π

[(cosh(α0x))−0.5 − 4
3(cosh(α0x))−2.5],

eigenvalues are E0 = −0.5 a.u., E1 = −0.18 a.u., E2 = −0.02 a.u., respectively.
The laser field was chosen to be

ε(t) =
⎧⎨
⎩

ε0 sin2
(

ω0t

2N

)
sin(ω0t) (ton � t � NT0),

0 (NT0 � t � toff ),

where ε0 is the peak amplitude of the laser field, ω0 is the frequency of laser field
and f (t) = sin2

(ω0t/2N) is the pulse envelop, N is the number of optics period,
and T0 = 2π/ω0 is the optical period.

To solve equation (1) numerically, the infinite space has to be truncated into
a finite space. Figure 1(a) shows the evolution of total potential energy (V0(x) +
ε(t)x), figure 1(b) shows the evolution of potential energy when ε(t) = ε0 =
0.05 a.u. Figure 1 reveals that the localized potential of atom has been distorted
so that the electron can tunnel, which means that the electron has the probabil-
ity at large distance. Thus the values of the wave functions at the finite bound-
ary can’t be simply taken as zero. Compared with the laser field, the effect of the
atom potential can be neglected at sufficiently large distance R, which is because
the atom potential is monotonously attenuation with the increase of |x|. Figure
1 shows that at the large distance R the effect of the laser field is dominated,
thus we can neglect V0(x) when |x| � R, the equation (1) becomes

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

i
∂

∂t
�̃(x, t) =

[
− 1

2

∂2

∂x2
+ ε(t)x

]
�̃(x, t) (t � 0, |x| � R),

i
∂

∂t
�(x, t) =

[
− 1

2

∂2

∂x2
+ V0(x) + ε(t)x

]
�(x, t) (t � 0, |x| < R).

(1′)

The following equation (1)′′ has the same solution as the equation (1)′ when
|x| � R

i
∂

∂t
�̃(x, t) =

[
−1

2
∂2

∂x2
+ ε(t)x

]
�̃(x, t) (t � 0, −∞ < x < ∞). (1′′)

We can obtain the solution of equation (1)′′ by using Fourier transformation and
inverse Fourier transformation [10–11,13]. When x = ±R, the solution �̃(x, t) of
equation (1)′′ is
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Figure 1. Potential energy of the laser and the atom, U0 = 0.7, α = 0.4, ε0 = 0.05, ω0 = 0.055,
N = 5.

�̃(±R, t) = �(±R − α(t)) exp
(

−iA(t)(±R) − i
1
2
q(t)

)
, (4)

where A(t) = − ∫ t

0 ε(t ′)dt ′ is the vector potential, α(t) = − ∫ t

0 A(t ′)dt ′ and q(t) =∫ t

0 A2(t ′)dt ′. We can take equation (4) as the boundary condition of equation (1)
at x = ±R, i.e.

�(±R, t) = �̃(±R, t). (5)

This is called the asymptotic boundary condition (ABC). Thus equation (1) can
be solved numerically in the finite domain [−R, R] by using the ABC.
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Now let’s analyze the reasonable of ABC. What we are concerned about is
the population of the wave-function at the boundaries x = ±R. We note that
|�̃(±R, t)|2 = |�(±R − α(t))|2 from equation (4), namely, the population of
ABC at (±R) is equal to the population of initial wave-function at (±R − α(t)).
Figure 2 exhibits the evolution of α(t) in the duration of pulse. Taking the pop-
ulation of left boundary as example, because of |�̃(−R, t)|2 = |�(−R − α(t))|2
and �(x) = 0 when |x| � R, the value of |�(−R − α(t))|2 is zero when α(t) � 0
which is equal to the zero boundary condition; but the value of |�(−R −α(t))|2
is greater than zero when α(t) < 0, where the ABC can’t be neglected and plays
an important role at the points a, b, c, d of figure 2.

3. Numerical recipe

If we let

�(x, t) = a(x, t) + ib(x, t), V (x, t) = V0(x) + ε(t)x (6)

and divide the whole space [−R, R] into 2N equal segments, where N is a suffi-
ciently large positive integer,

�̃(−R) = a−N + ib−N, �̃(R) = aN + ibN (7)

substitute the symmetry difference quotient for the 2-order partial derivative
∂2�j

∂x2
= �j−1 − 2�j + �j+1

h2
, j =−N+1, . . . , N − 1, �j =�(xj ),Vj =V (xj , t),

xj = jh, h = R/N , we can discrete the equation (1) into (2N − 1)-dimensional
linear canonical equation as follows

Figure 2. The evolution of α(t) with the same parameters as figure 1.
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⎧⎪⎨
⎪⎩

ḃj = − 1
2h2

{aj−1 + [−2 − 2h2Vj ]aj + aj+1}

ȧj = 1
2h2

{bj−1 + [−2 − 2h2Vj ]bj + bj+1}
(j = −N + 1, . . . , N − 1). (8)

The Hamiltonian function is H(aj , bj , t) = ∑N−1
j=−N+1 (Haj

+ Hbj
), where

⎧⎪⎨
⎪⎩

Haj
= − 1

2h2
{aj−1aj + [−1 − h2Vj ]a2

j + aj+1aj }
Hbj

= 1
2h2

{bj−1bj + [−1 − h2Vj ]b2
j + bj+1bj }

(j = −N + 1, . . . , N − 1).

(9)

Let A = (a−N+1, . . . , aN−1)
T , B = (b−N+1, . . . , bN−1)

T , Y1 = (1/2h2) × (a−N,

0, . . . , 0, aN)T , Y2 = (1/2h2) × (b−N, 0, . . . , 0, bN)T ,

S(t) = 1
2h2

⎛
⎜⎜⎜⎜⎜⎜⎝

−2 − 2h2V−N+1 1 0
...

1 −2 − 2h2Vj 1
...

0 1 −2 − 2h2VN−1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Equation (8) can be rewritten as

{
Ḃ = −SA − Y1

Ȧ = SB + Y2
(10)

and the Hamiltonian function is

H(B, A, t) = 1
2BT SB + YT

2 B + 1
2AT SA + YT

1 A

= H1(B, t) + H2(A, t).

This is a separate Hamiltonian system including explicitly time variable,
the symplectic method is a reasonable method to solve canonical equations (10)
numerically [11,13–16]. For example, the following 4-stage 4th-order explicit sym-
plectic scheme can be used to solve it.

p1 = Bn − c1τ
(

∂H2(A,t)

∂A

)
(An,tn)

, q1 = An + d1τ
(

∂H1(B,t)

∂B

)
(p1,ζ1)

,

ζ1 = tn + c1τ, ξ1 = tn + d1τ ;
p2 = p1 − c2τ

(
∂H2(A,t)

∂A

)
(q1,ξ1)

, q2 = q1 + d2τ
(

∂H1(B,t)

∂B

)
(p2,ζ2)

,

ζ2 = ζ1 + c2τ, ξ2 = ξ1 + d2τ ;
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p3 = p2 − c3τ
(

∂H2(A,t)

∂A

)
(q2,ξ2)

, q3 = q2 + d3τ
(

∂H1(B,t)

∂B

)
(p3,ζ3)

,

ζ3 = ζ2 + c3τ, ξ3 = ξ2 + d3τ ;
Bn+1 = p3 − c4τ

(
∂H2(A,t)

∂A

)
(q3,ξ3)

, An+1 = q3 + d4τ
(

∂H1(B,t)

∂B

)
(Bn+1,ζ4)

,

ζ4 = ζ3 + c4τ = tn+1, ξ4 = ξ3 + d4τ = tn+1,

where pj , qj , ξj , ζj , j = 1, 2, 3, 4 are intermediate stages, τ is the time step and

c1 = 0, c2 = c4 = α, c3 = β, d1 = d4 = α/2, d2 = d3 = (α + β)/2,

or

c1 = c4 = α/2, c2 = c3 = (α + β)/2, d1 = d3 = α, d2 = β, d4 = 0.

and α = (2 − 21/3)−1, β = 1 − 2α.

4. Numerical results

4.1. High-order harmonic generation

When an atom is exposed to an intense laser field, it gives rise to strongly
nonlinear response such as above threshold ionization (ATI) or the HHG. The
HHG is a useful energy source, so people are seeking the method to enhance the
conversion efficiency of it. The intensity of HHG is proportional to |d(ω)|2,

|d(ω)|2 =
∣∣∣∣ 1
t1 − t2

∫ t2

t1

d(t)e−iωt

∣∣∣∣
2

,

where d(t) is the electric-dipole moment, which is given by

d(t) = −
∫ R

−R

�∗(x, t)
∂V (x, t)

∂x
�(x, t)dx.

The three-step model tells us that the dipole momentum is the results of the tran-
sitions from the continuum back to the bound states. Watson et al. had evaluated
that coherent superposition of the ground state and an excited state as initial con-
dition can enhance conversion efficiency of HHG [17]. High conversion efficiency
and high cut-off frequency of HHG can be achieved if the intensity of the laser
pulse is high enough for the interaction of He+with intense laser pulse [18].

To investigate the enhancement of conversion efficiency of HHG for the
interaction of Pöschl-Teller short-range model potential with intense laser pulse,
the ground state and the equal weight coherent superposition of the ground state
and the first excited state are considered as the initial input in this paper. In
order to illustrate conveniently we denote:

Initial condition I. Take the ground state as the initial condition.
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Initial condition II. Take the equal weight coherent superposition of the
ground state and the first excited state as the initial condition.

The parameters are chosen as follows: The sufficiently large distance R =
200 a.u., the frequency ω0 = 0.055 a.u., and N = 5, U0 = 0.7, α = 0.4 with differ-
ent laser intensity (0.01a.u., 0.03a.u., 0.05a.u.).

(1) ε0 = 0.01 a.u. (0.35 × 1015 W/cm2)

Figure 3 shows the population of three bound states and spectrum of HHG
with different initial input for ε0 = 0.01 a.u. Figure 3(a) and (b) depict the evolution
of the population of three bound states with initial condition I and initial condition
II, respectively; figure 3(c) depicts the spectrum of HHG for different initial input.
We note that the changes of the population with initial condition I are not distinct,
but the populations of the ground state and the first excited state have a little changes
with initial condition II, which leads to the enhancement of the conversion efficiency
of HHG about 9 orders of magnitude as depicted in figure 3(c). But the population
of ionization only reaches approximately to 0.003 in figure 3(d). Since the population

Figure 3. (a) The population of three bound states with initial I; (b) The population of three bound
states with initial condition II; (c) The spectrum of harmonic for initial condition I (solid line) and
initial condition II (dash line), respectively; and (d) The population of the ionization with initial

condition II (ε0 = 0.01).
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of ionization is little in both cases, the characteristic of plateau and the position of
cut-off depicted in figure 3(c) is not clear [19].

(2) ε0 = 0.03 a.u. (1.05 × 1015 W/cm2)

The numerical results are shown in figure 4 when the intensity of laser pulse
is increased to 0.03 a.u., figure 4(a) indicates that the changes of the popula-
tion of three bound states are small with the initial condition I, so a little elec-
tron is radiated to the continuum; figure 4(b) illustrates that the population of
ground state and second excited state oscillate about 0.5 and 0, respectively, with
the initial condition II, the minimum of population of first excited state reaches
approximately to 0.05. Figure 4(d) tells us that the maximum population of ion-
ization reaches approximately to 0.44. We can see that the result of initial condi-
tion II enhances the conversion efficiency of HHG about 5 orders of magnitude
as depicted in figure 4(c) and the characteristic of HHG in both cases are clear.

(3) ε0 = 0.05 a.u.(1.75 × 1015 W/cm2)

Figure 4. (a) The population of three bound states with initial condition I; (b) The population of
three bound states with initial condition II; (c) The spectrum of harmonic with the initial condi-
tion I (solid line) and the initial condition II (dot line) respectively and (d) The population of the

ionization with initial condition II (ε0 = 0.03).
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The numerical results are shown in figure 5 when the intensity of laser field
increased to 0.05 a.u. Figure 5(a) reveals that the changes of three bound states
are more obvious than that of in the Figure 4(a) with the initial condition I; fig-
ure 5(b) indicates that the population of ground state and second excited state
oscillate about 0.5 and 0, respectively, with the initial condition II. Figure 5 (d)
tells us that the maximum population of ionization reaches approximately to
0.50, while velocity of ionization of the first excited state is faster than that case
of figure 4(d). The enhancement of plateau is about 3 orders of magnitude and
cut-off frequency extends to about 23rd.

4.2. The average distance

To explain the enhancement of the conversion efficiency of HHG, we cal-
culate the average distance of electron which is given by

x̄(t) = 〈�(x, t)|x|�(x, t)〉.

Figure 5. (a) The population of three bound states with the initial condition I; (b) The population
of three bound states with the initial condition II; (c) The spectrum of harmonic with the initial
condition I (solid line) and the initial condition II (dot line), respectively; and (d) The population

of ionization with the initial condition II (ε0 = 0.05).
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Figure 6 shows the evolution of average distance of electron with time in the
laser field for different initial conditions. In figure 6, the solid line is for ini-
tial condition I and the dot line is for initial condition II. The maximum of
average distance and the vibration frequency is increased for initial condition II,
which leads to increase the probability of re-collision of electron with ion core
so that more high-energy photons can be radiated back to bound states and
the conversion efficiency of HHG can be enhanced. But there are different with
initial condition II in three pictures of figure 6: the electron vibrates near the
core in figure 6(a), but the electron is difficult to return and re-collision with ion
core while the intensities of laser field is increased in figure 6(b) and (c). This can
explain that the orders of enhancement of conversion efficiency are falling from
about 9 to about 3 orders of magnitude when intensity is increased. Namely, to
obtain the high conversion efficiency, it is requested that the electron vibrates
quickly and can return back to bound states and recombines with core.

Figure 6. The evolutions of the average distance with initial condition I (solid line) and with the
initial condition II (dot line). (a) ε0 = 0.01, (b) ε0 = 0.03, (c) ε0 = 0.05.
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5. Discussions

We have reviewed the ABC presented recently and illustrated that the ABC
is reasonable for describing the interaction of laser-atom. We solved the 1-D
TDSE of interaction between laser and atom by symplectic schemes. The pop-
ulations of bound states, HHG and the evolution of average distance have
been demonstrated by two initial conditions for different laser intensities. The
conversion efficiency of HHG can be enhanced when the initial condition II
was used. According to the three-step model, the cause of HHG is that the
high-energy photons are emitted while electron returns to bound states from the
continuum, namely the transition between the continuum and the bound states.
Based on the selection rule of transition, the channels of the transition from
the bound states to the odd parity and even parity continuum are unobstructed
when the initial condition II was used, which afford the possibility of radiat-
ing more high-energy photons and enhance the conversion efficiency of HHG;
Simultaneity the moderate laser intensities were chosen to insure that some pop-
ulation of electron is being at the continuum and the electron can return back
to the bound states as much as possible.
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